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The Wisdom of Experience ... ???
• “(Fuzzy theory’s) delayed exploitation

outside Japan teaches several lessons.outside Japan teaches several lessons.
...(One is) the traditional intellectualism in
engineering research in general and theengineering research in general and the
cult of analyticity within control system
engineering research in particular.”engineering research in particular.

E.H. Mamdami, 1975 father of fuzzy control (1993).

• "All progress means war with society."
George Bernard Shaw



• “I never tell the truth”
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••Conventional or Conventional or crispcrisp sets are binary.  An element sets are binary.  An element 
either belongs to the set or doesn't. either belongs to the set or doesn't. 

••Fuzzy setsFuzzy sets, on the other hand, have grades of , on the other hand, have grades of 
memberships.   The set of cities `far' from Los Angeles memberships.   The set of cities `far' from Los Angeles 
is an exampleis an example

Chicago/5.0LA/0.0 +=LAμ

is an example.is an example.

   London    /9.0YorkNew/8.0
g

++
LAμ



• The term far used to define this set is a 
fuzzy linguistic variable.  f y g

• Other examples include close, heavy, light, 
big small smart fast slow hot cold tallbig, small, smart, fast, slow, hot, cold, tall
and short.

910
e.g. On a scale 
of one to 10, 

how good was 
the dive?

9 9.5

the dive?



• The set, B, of numbers near to two is
1)( 2)2(
1)(
−

=
x

xBμ

• or...
|2|)( −−= x

B exμ
μB(x)

)(Bμ

0               1               2               3        x



• A fuzzy set, A, is said to be a subset of B if

)()( ≤

B f d A f

)()( xx BA μμ ≤

• e.g. B = far and A=very far.
• For example...

)()( 2 xx BA μμ =



• Crisp membership functions are either one 
or zero.

• e.g. Numbers greater than 10.
( )

A ={x | x>10} 1
μA(x)

x

1010



• Fuzzy ≠ Probability
• Example #1Example #1

– Billy has ten toes. The
probability Billy has
nine toes is zero. The
fuzzy membership of
Billy in the set of peopleBilly in the set of people
with nine toes, however,
is nonzero.



Example #2
– A bottle of liquid has a probability of ½

of being rat poison and ½ of being pureof being rat poison and ½ of being pure
water.

– A second bottle’s contents, in the fuzzy
set of liquids containing lots of rat#1 set of liquids containing lots of rat
poison, is ½.

– The meaning of ½ for the two bottles
clearly differs significantly and would

#1

#2clearly differs significantly and would
impact your choice should you be
dying of thirst.

(cite: Bezdek)



Example #3
Fuzzy is said to measure “possibility” rather than “probability”– Fuzzy is said to measure “possibility” rather than “probability”.

– Difference
• All things possible are not probable.
• All things probable are possible.

– Contrapositive
• All things impossible are improbable
• Not all things improbable are impossible



•• TheThe probabilityprobability thatthat aa fairfair diedie willwill showshow•• TheThe probabilityprobability thatthat aa fairfair diedie willwill showshow
sixsix isis 11//66.. ThisThis isis aa crispcrisp probabilityprobability..
AllAll crediblecredible mathematiciansmathematicians willwill agreeagreegg
onon thisthis exactexact numbernumber..

•• TheThe weatherman'sweatherman's forecastforecast ofof aa
probabilityprobability ofof rainrain tomorrowtomorrow beingbeing
7070%% isis alsoalso aa fuzzyfuzzy probabilityprobability.. UsingUsing
hh l i ll i l dd hhthethe samesame meteorologicalmeteorological data,data, anotheranother

weathermanweatherman willwill typicallytypically announceannounce aa
differentdifferent probabilityprobabilitydifferentdifferent probabilityprobability..



Criteria for fuzzy “and”, “or”, and “complement”

•Must meet crisp boundary conditionsMust meet crisp boundary conditions

•Commutative

•Associative

•Idempotentde po e

•Monotonic



Example Fuzzy Sets to AggregateExample Fuzzy Sets to Aggregate...

A = { x | x is near an integer}

B = { x | x is close to 2}

μA(x) μB(x)
1

0                        1                        2                        3       x 0                         1                        2                        3       x



Fuzzy Union (logic “or”)

)](),([max )( A xxx BBA μμμ =+

• Fuzzy Union (logic or )

Meets crisp boundary conditions

Comm tati eCommutative

Associative

Idempotent

MonotonicMonotonic



A OR B = A+B ={ x | (x is near an integer) OR (x is close to 2)}

= MAX [μA(x), μB(x)]

μA B (x)

 MAX [μA(x), μB(x)]

μA+B (x)

0                      1                       2                      3       x



Fuzzy Intersection (logic “and”)

)](),([min )( A xxx BBA μμμ =•

• Fuzzy Intersection (logic and )

Meets crisp boundary conditions

Comm tati eCommutative

Associative

Idempotent

MonotonicMonotonic



A AND B = A·B ={ x | (x is near an integer) AND (x is close to 2)}

= MIN [μA(x), μB(x)] MIN [μA(x), μB(x)]

μA B(x)μA⋅B(x)

0              1               2               3    x



The complement of a fuzzy set has a membership functionThe complement of a fuzzy set has a membership function...

)(1)( xx AA μμ −=A

complement of A ={ x | x is not near an integer}

1

)( xAμ

0 1 2 3 x0              1             2              3       x



Min Max fuzzy logic has intersection distributive over unionMin-Max fuzzy logic has intersection distributive over union...

)()( xx = μμ )()( )()()( xx CABACBA +•++• = μμ

sincesince

min[ A,max(B,C) ]=min[ max(A,B), max(A,C) ]



Min Max fuzzy logic has union distributive over intersectionMin-Max fuzzy logic has union distributive over intersection...

)()( xx = μμ )()( )()()( xx CABACBA •+••+ = μμ

sincesince

max[ A,min(B,C) ]= max[ min(A,B), min(A,C) ]



Min-Max fuzzy logic obeys DeMorgans Law #1...

)()( xx CBCB +• = μμ

since

1 min(B C)= max[ (1 A) (1 B)]1 - min(B,C)= max[ (1-A), (1-B)]



Min-Max fuzzy logic obeys DeMorgans Law #2...

)()( xx CBCB •+ = μμ

since

1 max(B C)= min[(1 A) (1 B)]1 - max(B,C)= min[(1-A), (1-B)]



Min-Max fuzzy logic fails The Law of Excluded Middle.

φAA
i

φ≠⋅ AA
since

min(μ A,1-μ A) ≠ 0 
Thus, (the set of numbers close to 2) AND (the set of 

numbers not close to 2) ≠ null set



UAA

Min-Max fuzzy logic fails the The Law of Contradiction.

U≠+ AA
isince

max(μ A,1-μ A) ≠ 1
Thus, (the set of numbers close to 2) OR (the set of 

numbers not close to 2) ≠ universal set



There are numerous other operations OTHER than Min and MaxThere are numerous other operations OTHER than Min and Max 
for performing fuzzy logic intersection and union operations.

A common set operations is sum-product inferencing whereA common set operations is sum-product inferencing, where…

)()()( )()()( A xxx BBA μμμ =•

]1),()([min )( A xxx BBA μμμ +=+



•The intersection and union operations can also be used to assign•The intersection and union operations can also be used to assign 
memberships on the Cartesian product of two sets.
• Consider, as an example, the fuzzy membership of a set, G, of 
liquids that taste good and the set,  LA, of  cities close to Los 
Angeles 

WaterSwamp/0.0=Gμ

Juice Grape/9.0               
JuiceRadish /5.0           

p

+
+

Gμ

London/90YorkNew/80
Chicago/5.0LA/0.0

++
+=LAμ

London/9.0YorkNew/8.0 ++



•We form the set...
E = G ·LA 

= liquids that taste good AND cities that 
are close to LA 

•The following table results...g
LosAngeles(0.0)     Chicago (0.5)  New York (0.8)    London(0.9)

Swamp Water (0.0) 0.00 0.00       0.00 0.00
Radish Juice (0 5) 0 00 0 25 0 40 0 45Radish Juice    (0.5) 0.00 0.25       0.40 0.45
Grape Juice     (0.9) 0.00 0.45       0.72 0.81



“antecedent”

“consequent”consequent
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μGRE

μGRE = {μL ,μM ,μH }μGRE  {μL , μM , μH }



μGPA

μ = {μ μ μ }μGPA = {μL , μM , μH }



FF
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• A����� � ������� ���� GRE�900 ��� 
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�������� �����μ = {μ = 0 8 μ = 0 2 μ = 0}μGRE  {μL = 0.8 , μM = 0.2 , μH = 0}

μ = {μ = 0 μ = 0 6 μ = 0 4}μGPA  {μL = 0 , μM = 0.6 , μH = 0.4}
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CE
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Consequent is or SN if a or b or c or d or f.q f



Consequent is or SN if a or b or c or d or f.

Consequent Membership = max(a,b,c,d,e,f) = 0.5Consequent Membership  max(a,b,c,d,e,f)  0.5

More generally:
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Instead of min(x,y) for fuzzy AND...

Use  ⇒ x • y

Instead of max(x,y) for fuzzy OR...Instead of max(x,y) for fuzzy OR...

Use  ⇒ min(1, x + y)

Why?




