


Why Fuzzy?




The Wisdom of Experience ... ?7?

“(Fuzzy theory’s) delayed exploitation
outside Japan teaches several lessons.
...(One iIs) the traditional intellectualism In
engineering research in general and the
cult of analyticity within control system
engineering research in particular.”

E.H. Mamdami, 1975 father of fuzzy control (1993).

"All progress means war with socieg.

George Bernard Shaw




Bipolar Paracdoxes

e “ never tell the truth”




Crisp Versus Fuzzy

eConventional or crisp sets are binary. An element
either belongs to the set or doesn't.

*Fuzzy sets, on the other hand, have grades of

memberships. The set of cities far' from Los Angeles
IS an example.

u,, =0.0/LA+0.5/Chicago
+0.8/ New York +0.9/ London




Fuzzy Linguistic Vanables

e The term far used to define this set Is a
fuzzy linguistic variable.

* Other examples include close, heavy, light,

big, smallgsmadigiastysiow, hot, cold, tall
and sh '

e.g. On ascale
of one to 10,
how good was
the dive?




oonfuous Fuzzy Membership Fimelons

e The set, B, of numbers near to two Is
1

g (X) = (X 2)2

e OFr... (0
-ﬁ




Fuzzy Subsets

o A fuzzy set, A, Is said to be a subset of B If

L (X) < p1g (X)

e e.g. B =far and A=very far.
e For example...




Grisp Membership Functions

o Crisp membership functions are either one
or zero.

e e.g. Numbers greater than 10.

A={x|x>10} 1




Fuzzy Versus Probaldility

e Fuzzy # Probability

o Example #1
— Billy has ten toes. The

probability Billy has
nine toes 1S zero. The
fuzzy membership of
Billy in the set of people
with nine toes, however,
IS NONZero.




Fuzzy Versus Probaldility

Example #2

— A bottle of liguid has a probability of ¥
of being rat poison and Y2 of being pure
water.

A second bottle’s contents, in the fuzzy
set of liquids containing lots of rat
poison, IS %.

— The meaning of % for the two bottles
clearly differs significantly and would
Impact your choice should you be
dying of thirst.

(cite: Bezdek)




uzzy Versus Probaoill

Example #3

— Fuzzy is said to measure “possibility” rather than “probability”.

— Difference R “ﬁfk;‘

« All things possible are not probable.
« All things probable are possible.
— Contrapositive
« All things impossible are improbable
» Not all things improbable are impossible




Fuzzy Vs, Cnisp Probability

* The probability that a fair die will show PN
six I1s 1/6. This Is a crisp probability. fees ¥,
All credible mathematicians will agree -
on this exact number. A,

The weatherman's foregast s

-y - . < b el P
probability of rain_tofmarrow *
70% is also a fuzzy propability:" Usin: i o
the same meteorological data“another ' { +
weatherman will typica “"' nounce a_ i
different probability. 4 SR
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Fuzzy Logilc

Criteria for fuzzy “and”, “or”, and “complement”

*Must meet crisp boundary conditions

eCommutative
e Assoclative
|dempotent

Monotonic




zy L

Example Fuzzy Sets to Aggregate...

A ={ x| xIs near an integer}

B={x |xiscloseto 2}




ruzzy Un

» Fuzzy Union (logic “or”)

©

Mg (X) =max | g, (X), ag (X)]

SlMeets crisp boundary conditions
=]Commutative
JAssociative

|ldempotent

IMonotonic




Fuzzy U

N

]

©

hi

A OR B = A+B ={ x| (x Is near an integer) OR (x is close to 2)}

= MAX [13(%), #5(0)]




Fuzzy Intersection

- Fuzzy Intersection (logic “and”)
Haog (X) =MIN [22, (X), 245 (X)]
ElMeets crisp boundary conditions

=] Commutative

JAssoclative

|ldempotent

IMonotonic




Fuzzy Intersection

A AND B = A-B ={ x| (x Is near an integer) AND (x is close to 2)}

= MIN [z,(x), 25(x)]




Fuzzy Complement

The complement of a fuzzy set has a membership function...

Hy (x)=1- /UA(X)

complement of A ={ x | X Is not near an integer}




Assoclativity

Min-Max fuzzy logic has intersection distributive over union...

Hpe(B+C) (X) = H(a1B)e(ALC) (X)

since

min| A,max(B,C) ]=min[ max(A,B), max(A,C) ]




Assoclativity

Min-Max fuzzy logic has union distributive over intersection...

Hpi(BeC) (X) = H(peB)+(AsC) (X)

since

max|[ A,min(B,C) ]= max[ min(A,B), min(A,C) ]




Delorgan's Laws

Min-Max fuzzy logic obeys DeMorgans Law #1...

e (X) = p1g,¢ (X

1 - min(B,C)= max[ (1-A), (1-B)]




Delorgan's Laws

Min-Max fuzzy logic obeys DeMorgans Law #2...

Hec (X) = 5.5 (X)

1 - max(B,C)= min[(1-A), (1-B)]




xcluded Midale

Min-Max fuzzy logic fails The Law of Excluded Middle.

since

Min(u p,1-41 ) # 0

Thus, (the set of numbers close to 2) AND (the set of
numbers not close to 2) = null set




Contradict

L]

on

Min-Max fuzzy logic fails the The Law of Contradiction.

since

max(s p1-p5) # 1

Thus, (the set of numbers close to 2) OR (the set of

numbers not close to 2) = universal set




Other Fuzzy Logics

There are numerous other operations OTHER than Min and Max
for performing fuzzy logic intersection and union operations.

A common set operations is sum-product inferencing, where...

Haug (X) = #2, (X) 15 (X)

Mg (X) =miIn [z, (X) + 25 (X)1]




Cartesian Procluc

*The intersection and union operations can also be used to assign
memberships on the Cartesian product of two sets.

» Consider, as an example, the fuzzy membership of a set, G, of
liquids that taste good and the set, LA, of cities close to Los

Angeles
U =0.0/Swamp Water

+ 0.5/ Radish Juice
+ 0.9/ Grape Juice

., =0.0/LA+0.5/Chicago
+ 0.8/ New York+0.9/London




Cartesian Procluc

*\We form the set...
E=G: LA
= liquids that taste good AND cities that
are close to LA

*The following table results...
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Fuzzy Inference
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FuZzification

e \ » »

“GRE: {!"l’L: 0.8, “M: 0.2, “H: O}
Meen= {H.=0, Uy=06, L =04}
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Aggre

Consequentisor SN ifaorborcordorf.
Consequent Membership = max(a,b,c,d,e,f) = 0.5

More generally:




Aggre

1y
agg , (X) = WZ X

Special Cases:

agg_. (X)=min_x_;minimum

n-"'n’

N

-1
agg_,(X) = { Iil Z xl } ; harmonic mean
n=l Mn

agg,(X) = [H,’f_lxn ]”N ; geometric mean

N
agg,(X) = %Z X_;average

n=1

1 N 1/2
agg, (X) = {WZ xﬁ} . rms
n=1




Lab Test: Speed Tracking of IM

— trajector
— respons

9 12 15 18 21 24 27
Time [sec]




Lab [est: Prercision Fosition fracking of I

— trajectory
— response

12 15 18 21 24 27
Time [sec]







1ly Used

Instead of min(x,y) for fuzzy AND...

Use = Xey

Instead of max(x,y) for fuzzy OR...

Use = min(l, x +y)

Why?




1ly Used

INg
ANd CO-NOrms

n with Neural Networks

Explanation Facilities
Teaching a Fuzzy S
Tuning a Fu




